This note is based on a talk given by one of the authors at the "Rencontres Mathématiques de Glanon", held in Glanon in July 2004. We will first introduce the BTZ black hole, solution of Einstein's gravity in 2+1 dimensions, and emphasize some remarkable properties of its geometry. We will essentially pay attention to the non-rotating black hole, whose structure is significantly different to the generic case. We will then turn the some aspects of string theory, namely the emergence of non-commutative geometry and the embedding of the BTZ black hole as an exact string background using the Wess-Zumino-Witten (WZW) model. We will show the existence of winding symmetric WZW D1-branes in this space-time from the geometrical properties of the non-rotating black hole. Finally, we will introduce strict deformations of these spaces, yielding an example of non-commutative lorentzian non-compact space, with non-trivial causal structure.
Geometry of the BTZ black holes
Vacuum Einstein's equations in 2+1 dimensions with negative cosmological constant admit black hole solutions, as first quoted in [1] . A remarkable property of these solutions lies in the fact that they arise from identifications of points of AdS 3 by a discrete subgroup of its isometry group, as shown by Bañados, Henneaux, Teitelboim and Zanelli [2, 3] . They are therefore usually referred to as BTZ black holes in the physics literature. According to the type of subgroup, the vacuum, extremal or generic (rotating or non-rotating) massive black holes are obtained.
Three-dimensional anti-de Sitter space
The three dimensional anti de-Sitter space (AdS 3 ) is the maximally symmetric solution of vacuum Einstein's equation in 2+1 dimensions with negative cosmological constant Λ. It is defined as the hyperboloid
embedded in the four dimensional flat space with metric ds 2 = −du 2 − dt 2 + dx 2 + dy 2 . The Ricci tensor of this solution satisfies R µν = 2Λg µν and the scalar curvature is R = 6Λ. Hereafter, we will set Λ = −1. It follows from (1.1) that AdS 3 can equivalently by defined as the (universal covering of) the simple Lie group SL(2, R) :
AdS 3 ∼ = SL(2, R) = {g = u + x y + t y − t u − x |x, y, u, t ∈ R, det g = 1} .
(1.2)
We endow SL(2, R) with its bi-invariant Killing metric, defined at the identity e using the Killing form B of its Lie algebra sl(2, R), identified with the tangent space at the identity:
β e (X, Y ) = B(X, Y ) = 1 2 Tr(X.Y ) , X, Y ∈ sl(2, R) , (1.3) where the last equality holds because we are dealing with a matrix group, the trace being understood as the usual matricial one (i.e. in the fundamental representation). It can be checked, given a parametrization g(X µ ) of the group manifold , that the invariant metric Tr(g −1 dgg −1 dg) actually coincides with the AdS 3 metric (see sect.1.1.2). The Lie algebra sl(2, R) = { z
is expressed in terms of the generators { H, E, F} satisfying the commutation relations:
For later purpose, we also define the one-parameter subgroups of SL(2, R) : 6) which are the building blocks of its Iwasawa decomposition (see [5, 6] ) :
K × A × N → SL(2, R)(2, R) : (k, a, n) → kan or ank , k ∈ K, a ∈ A, n ∈ N , (1.7)
the mapping being an analytic diffeomorphism of the product manifold K × A × N onto Sl(2, R) (see [6] , p.234)
Isometry group of AdS 3
By construction, the isometry group of AdS 3 , denoted by Iso(AdS 3 ), is the four-dimensional Lorentz group O(2, 2) (see (1.1)). It is constituted by four connected parts, whose identity component is SO (2, 2) . The other components can always be reached using a parity (x → −x) and/or time reversal (t → −t) transformation. In terms of the coordinates of (1.1), the Killing vector fields are expressed as J ij = x j ∂ i − x i ∂ j , where x i = (u, t, x, y). Now, because of (1.2) and due to the bi-invariance of the Killing metric, SO(2, 2) is locally isomorphic to SL(2, R) × SL(2, R) (they share the same Lie algebra) , the action being given by (SL(2, R) × SL(2, R)) × SL(2, R) → SL(2, R) : ((g L , g R ), z) → g L z g −1 R
.
(1.8)
This action clearly corresponds to the component of Iso(AdS 3 ) connected to the identity transformation (because SL(2, R) is connected). The full action of Iso(AdS 3 ) (including the components not connected to the identity) can be obtained by considering the parity and time reversal transformations
There exists a Lie algebra isomorphism between sl(2, R)×sl(2, R) and iso(AdS 3 ) ≡ Lie(Iso(AdS 3 )). It is given by Φ : 11) where X (resp. Y ) denotes the right-invariant (resp. left-invariant) vector field on SL(2, R) associated to the element X (resp. Y ) of its Lie algebra, that is
12)
where L g and R g denote the left and right translations on the group manifold. The two last equalities hold because SL(2, R) is a matrix group. Thus, to the generator (X, Y ) ∈ sl(2, R) × sl(2, R), we associate the one-parameter subgroup of (the connected part of) Iso(AdS 3 )
(1.14)
The classification, up to conjugation, of the one-parameter subgroups of SL(2, R) × SL(2, R) has been achieved in [3, 7] . Two subgroups (G L , G R ) and (G ′ L , G ′ R ) are said to be conjugated if (i) they can be related by combinations of transformations P and T ; (ii) there exists g L and g R ∈ SL(2, R) such that
, for i = L, R. Note that (ii) corresponds to a conjugation by an element of SO(2, 2), while (i) corresponds to an element not connected to the identity. The Killing vectors of AdS 3 (i.e. the generators of the one-parameter subgroups of SL(2, R) × SL(2, R)) are then all of the form (aX, bY ), a, b ∈ R , X, Y = { H, T, E, F} .
(1.15)
Conformal structure/representation
A system of coordinates covering the whole of the AdS 3 manifold (up to trivial polar singularities) may be introduced by setting 16) in which the invariant metric on AdS 3 reads 1.2 BTZ black holes
General construction
Einstein gravity with negative cosmological constant in 2+1 dimensions admits axially symmetric and static black hole solutions, characterized by their mass M and angular momentum J. One distinguishes between the extremal (|J| = M l), massless (J = M = 0), non-rotating massive (J = 0, M > 0) and generic (0 < |J| < M l) black holes. These solutions share many common properties with their 3+1 dimensional counterparts. Bañados, Henneaux, Teitelboim and Zanelli observed [3] that all of these solutions could be obtained by performing identifications in AdS 3 space by means of a discrete subgroup of its isometry group, which we described in section 1.1.1. According to the choice of Killing vector Ξ = (X L , X R ), the different black holes can be obtained by the quotient procedure. The mass and the angular momentum of the solution will be related to Ξ via
where X 2 is the square of the Killing norm β e (X, X) 5 . In the following, we will focus on the non-rotating massive black hole. In this situation, because of (1.20) and (1.21), X L and X R must belong to the same space-like adjoint orbit 6 . In this case, we define the BHTZ subgroup as the one-parameter subgroup of SL(2, R) × SL(2, R) generated by the Killing vector Ξ = a( H − H) = (a H, a H) 7 :
A non-rotating massive BTZ black hole is then obtained as the quotient SL(2, R)/ψ Z by an isometric action of Z, that is, by performing the following identifications :
The resulting space-time displays a black hole structure [3] . Namely, it exhibits horizons, i.e. light-like surfaces separating two regions, one of which can be causally connected to the space-like infinity (the exterior region), and another one causally disconnected from it (the interior region). Inside the horizon, any light-ray necessarily ends on the singularity. Note that, to avoid closed time-like curves in the quotient space, the regions of AdS 3 where the orbits of the BHTZ action (1.22) are time-like ,or equivalently where β z (Ξ, Ξ) < 0, must be excluded. We will henceforth consider an open and connected domain U ⊆ AdS 3 where
The black holes singularities S are defined as the surfaces where the identifications becomes light-like :
(1.24)
Massless non-rotating BTZ as twisted bi-quotient space/Global structure
We would now like to focus on the global geometry of the non-rotating massive BTZ black hole [7] . The aim is essentially to reduce ourselves to a two-dimensional problem by finding a foliation of AdS 3 whose leaves are stable under the BHTZ action, and are all isomorphic (so that we can restrict ourselves to the leaf through the identity). Let us first introduce an external automorphism of sl(2, R), which can be chosen as
Viewing SL(2, R) as a subgroup of GL(2, R), one may express the automorphism σ as:
The corresponding external automorphism of SL(2, R) (which we again denote by σ) is σ(g) = H g H (note that H = H −1 ). We then consider the following twisted action of SL(2, R) ⊂ SO(2, 2) on itself :
The fundamental vector field associated to this action is given by : 28) by noting that σ(exp(tX)) = exp(t σ(X)), with an evident abuse of notation. We note that the BHTZ action Z × SL(2, R) ( eq.(1.22)) can equivalently be written as
5 Note that in [3] , M and J associated to a Killing vector Ξ = 1 2 ω ab J ab are given by I 1 = ω ab ω ab = −2M and
. This coincides with definitions (1.20) and (1.21). 6 Indeed, for J to vanish, the left and right generators must belong to the same orbit. Then, the condition M > 0 excludes the time and light-like orbits. Thus, we are only left with the category I b in the classification p6 of [7] 7 with a slight abuse of notation : actually,
The orbit of a point z under this action is
and is usually referred to as a twisted conjugacy class. This particular structure will become important in section 2 where we will discuss D-branes in Wess-Zumino-Witten models. Using the matrix representation of (1.2), we find that O z is constituted by the elements g ∈ SL(2, R) such that x(g) = x(z) = cst. We see from (1.1) that the orbits are two-dimensional one-sheet hyperboloids in flat four-dimensional space. We won't make use of this representation, but adopt a more convenient one. The global description of the black hole relies on the following proposition. Consider the application :
This application is a global diffeomorphism. Furthermore, we observe, by letting
Therefore, the orbit of a ∈ A under the twisted bi-action is given by
where the last equality holds because of the Iwasawa decomposition of G = SL(2, R) (1.7). The application can be rewritten as
where [g] = {gA, g ∈ G} ∈ G/A. This is exactly the decomposition we needed to reduce the geometrical description of AdS 3 and the black hole from three to two dimensions. Indeed, it provides us with a foliation (a trivial fibration) of AdS 3 over A ≃ R whose leaves are two-dimensional orbits of the action (1.27). Each of the leaves is stable under the BHTZ subgroup, that is,
Moreover, the BHTZ action is fiberwise 8 , which means that
This, with the fact that the orbits are all diffeomorphic, allow us to restrict ourselves to the study of the leaf through the identity and focus on the space G/A 9 . This space can be realized as the adjoint orbit of H in sl(2, R). Indeed, consider the application
(1.36)
With A ∼ = R and using the application Υ, φ can further be rewritten as
Restricting φ to the leaf at identity O e (for which ρ = 0) , we define the application 38) and consider the adjoint orbit of H, which corresponds to a one-sheet hyperboloid in sl(2, R)
The orbit of a point X in the hyperboloid (i.e. corresponding to a point x in the leaf at the identity) under the BHTZ subgroup are the intersections of the planes perpendicular to the H-axis, passing through X. Indeed, let X = Ad(kn) H, corresponding to the point x = τ kn (e) ∈ O e . The orbit of x under the BHTZ subgroup is 39) corresponding to the curve Ad(exp(n Ha))X on Ad(G) H. One then checks, using the Ad-invariance of the Killing form, that
Let us summarize. To obtain the non-rotating massive BTZ black hole space-time, we have to perform discrete identifications in AdS 3 along the orbits of the BHTZ action, or equivalently of a twisted bi-action (see eq.(1.29)). We know from (1.35) that the identifications can be performed "leaf by leaf", all the leaves being diffeomorphic. We also know that, in order to avoid closed timelike curves in the quotient space, we have to restrict ourselves to an open and connected domain U ⊆ AdS 3 where β z (Ξ, Ξ) > 0 , ∀z ∈ U. Therefore we have to identify the corresponding region in Ad(G) H. It can be seen that the region where the orbits of the BHTZ action are space-like corresponds to
One of these regions in represented in figure 1 and labelled I. It can be parameterized as
In this parameterization, the orbits of the BHTZ action are the lines τ = cst.. Using (1.38), any point x ∈ O e belonging to U can be parameterized by the two coordinates (θ, τ ) via
Note that e and −e belong to the boundary of U. Finally, we obtain a global parameterization of points in U with the help of (1.34), as
The action of the BHTZ reads in these coordinates
Eq. (1.44) allows to derive a global expression for the metric of the black hole :
The black hole has topology S 1 × R 2 . Let us turn to some pictures displaying the global structure of the black hole. Recall from section 1.1.2 that AdS 3 is conformal to the three-dimensional Einstein static space. The time axis λ (see eq.(1.19)). Fig.2 , displays the region U where the Killing vector Ξ is space-like, which is comprise between the four light-like surfaces. The next one (Fig.3) represents the foliation of AdS 3 by the two-dimensional space-like ρ = cst. leaves. Figure 4 represents the dynamical evolution of the black hole, from its initial to its final singularity (denoted S i and S i ) , using the global coordinates (τ, ρ, θ). The shaded region is a fundamental domain of the BHTZ action. In Fig. 5 , the black hole horizons are drawn. From these three-dimensional pictures, we can also go to two different two-dimensional visions. Fig.(6) is a section of Fig.(2) by the ρ = 0 surface. We represented the coordinate lines θ = cst. and τ = cst. (the latter corresponding to orbits of the BHTZ subgroup). On the straight lines, the identifications become light-like. Note that, after identifications, the manifold structure is destroyed at e = ι( H) and −e = ι(− H), which are fixed points of the BHTZ action (see sect.5.8 of [8] , and [3] ). Everywhere else in I, the action of the BHTZ subgroup is properly discontinuous. One can also look at the section by the θ = 0 surface. One then gets an usual two-dimensional Penrose diagram, where the singularities and horizons are drawn, as displayed in Fig. 7. 
Extended BTZ black holes
If we relax the condition that closed time-like curves must be avoided, while keeping the condition that the quotient space SL(2, R)/ψ Z be a Hausdorff manifold, there are two inequivalent possibilities to extend the BTZ space-time. Either we choose to consider, in each leaf, the region I ∪II L ∪III R , either we take I ∪II R ∪III R (see Figs. 1, 6,9 ). The latter extension exhibits an interesting property : in this situation, each leaf in the extension admits an action of the two-parameter AN subgroup of SL(2, R). Indeed, we note that the region I ∪ II R ∪ III R in Ad(G) H (see Fig. 8 ) can be parameterized as
where
A section by the ρ = 0 surface is depicted in Fig. 9 , where two coordinate lines θ = cst. are drawn. The region in between corresponds to a fundamental domain of the BHTZ action. Hereafter, the maximally extended BTZ space-time whose each leaf is constituted by the regions I ∪ II R ∪ III R will be denoted EBT Z. 
where the string tension is T = 1 2πα ′ , x + and x − are light cone coordinates on the worldsheet 11 . The equations of motion for the string coordinates following from the variation of action (2.48) are given by
and are not affected by the presence of the constant B-field. By introducing the currents
50) 11 The string worldsheet can be parameterized in various ways. Usually, one starts with coordinates (σ, τ ) for the strip [0, π] × R, where ∂Σ corresponds to σ = 0, π. The light-cone coordinates are defined by x ± = τ ± σ. It is sometimes useful to go from a lorentzian worldsheet to an euclidean one by setting t = iτ . Another parametrization is z = e ix − ,z = e ix + , in which the worldsheet is mapped to the upper half plane. For euclidean worldsheet, z and z are complex conjugated variables, and ∂Σ is given by z =z = ±e t , i.e. the real line.
the equations of motion simply state that
or, expressed in terms of z = e ix− andz = e ix+ (see footnote), that the currents
are purely holomorphic or anti-holomorphic, respectively. Variation of the action (2.48) shows that the equations of motion (2.49) have to be supplemented by boundary conditions at the boundary of the string worldsheet, which can be satisfied in two different ways :
54)
The first one corresponds to Dirichlet boundary conditions, while the second one corresponds to generalized Neumann conditions (Neumann boundary conditions are recovered for B = 0). We can impose independently either of the conditions in each of the d dimensions. Suppose we impose Dirichlet conditions for µ = p, · · · , d − 1 and Neumann conditions for µ = 0, · · · , p − 1. Then, the string coordinates satisfy
that is, the endpoints of the string are restricted to move on a p-dimensional hyper-plane in M d . This hyper-plane is called a Dp-brane. Let us now focus on the solutions to (2.49) along the brane. With boundary conditions (2.54), one finds (by setting α ′ = 2 for simplicity, see [9, 10, 11, 12] for details)
The theory can be quantized by imposing equal time canonical commutation relations between the X µ 's and their conjugate momenta (see e.g. [11] p38). This amounts to take the boundary condition as constraints and perform the canonical quantization. Then, x µ and α µ n become operators satisfying 
Strings on group manifolds : the WZW model
One of the features making strings attractive is that they exhibit, upon quantization, a spin-2 particle identified with the graviton in their spectrum. A common approach to tackle String Theory is called perturbative, in the sense that it consists in studying the propagation of strings in non-trivial, fixed, curved backgrounds. From a conceptual point of view, this is quite analogous to what can be done in electromagnetism, by using the photon description to describe processes in strong, non-perturbative magnetic fields, as the ones around a pair of Helmholtz coils [11] . The background is then viewed as a "coherent state" of elementary particle quanta. However, the story is a little bit more complicated than just replacing everywhere, in the preceding section, η µν by any curved metric g µν along with any B-field. The background fields are indeed expected to satisfy conditions in order to represent an "exact string background". These conditions are expressed by the following. The action (2.48) may alternatively be viewed as a two-dimensional field theory, with d fields X µ (τ, σ), the metric and B-field being reinterpreted as (field-dependent) coupling constants. The metric h αβ on the two-dimensional manifold (worldsheet) has no local propagating degrees of freedom, in the sense that it can always be brought to the flat two-dimensional metric η αβ , due to the reparametrizations 12 and Weyl 13 invariances of the action (2.48) The conformal gauge choice corresponds to bringing h αβ to e φ h αβ for some function φ. In this gauge, the string action is still invariant under some residual local symmetries, corresponding to infinitesimal conformal transformations. This leads us to the observation that string theory in the conformal gauge is equivalent to a two-dimensional conformal field theory. In curved backgrounds, this requirement survives, and the preservation of the Weyl invariance imposes equations to be satisfied by the background field (the beta-functionals for the couplings in the 2-D field theory have to vanish; more details can be found in [15] , [11] p56, [16] pp17-25, [17] ). Besides the flat case, an important class of exact string backgrounds is provided by the Lie group manifolds. Let G be a Lie group, endowed with an invariant metric (usually taken as the Killing metric) on its Lie algebra G, denoted by < −, − >. Let g : Σ → G be a map expressing the embedding of the string worldsheet into the group manifold. The action for an open string ending on a D-brane Br in the group manifold is given by the boundary Wess-Zumino-Witten model (BWZW), whose action reads
Because for an open string ∂Σ = ∅, D is to be chosen as a two-dimensional submanifold included in the brane Br (where the open string ends) such that ∂(g(Σ) ∪ D) = 0. H = θ, [θ, θ] denotes a closed three-form field strength on the target group manifold, where θ = g −1 dg stands for the left-invariant MaurerCartan one-form on G, while the two-form on Br is defined by dω = H |Br := dB |Br . By choosing coordinates on the group manifold, this action can be rewritten as (2.48), with g µν = β ab θ a µ θ b ν , β ab denoting the components of the Killing metric on G, and a certain (non-constant) B-field 14 . We do not discuss here the ambiguities resulting in the choices of M and D in the two topological terms of (2.60)( for more details, see [18, 19, 22, 23] and references therein). By considering only the first two terms in the action, one gets the usual WZW model [24, 25] describing closed strings on group manifolds. The geometric meaning of the field H can be understood as a parallelizing torsion, added to the metric connection to make it flat. It is in fact the existence of this torsion in the case of group manifolds that constitute a crucial ingredient in making the two-dimensional nonlinear sigma model conformally invariant [26] . Let us now have a look at (2.60). This model shares actually many features with the flat situation we considered in preceding section. The variation of this action w.r.t. the field g yields the equations of motion
Thus, as in the flat case (see (2.52)), the theory possesses purely holomorphic and anti-holomorphic currents. The WZW-model is invariant under the current algebra which stems from the invariance of the action under
This infinite-dimensional symmetry is precisely generated by the conserved currents, whose modes generate two commuting affine Kac-Moody algebras. Conformal invariance of the model can actually be deduced from its invariance under the current algebra, through the Sugawara construction [27, 24, 28] . By analogy with (2.53) and (2.54), which can further be rewritten as 
where R is a metric preserving Lie algebra automorphism. These D-branes are called symmetric, because they describe configurations preserving the maximal amount of symmetry of the bulk theory, that is, conformal invariance and half of the current algebra [29] . It is important to note that these conditions do not correspond, a priori, to boundary conditions. It is only a posteriori that the last term of (2.60), which does not affect the bulk equations of motion, is added and must be fitted to ensure that the boundary conditions extracted by varying the action coincide with the ones coming from the gluing conditions. The gluing conditions can now be used to determine the geometry of the resulting D-branes 15 [29, 19] . Because the string's worldsheet ends on the D-brane, the vectors ∂ τ g at ∂Σ must be tangent to the D-brane. From (2.65), we get
This implies that the vector g −1 ∂ τ g lies in the image of the operator (I − R • Ad(g)). Thus,
for some Y ∈ G. This means that ∂ τ g must be tangent to a twisted conjugacy class. A twisted conjugacy class of an element g ∈ G is defined by(see also (1.30))
where the map r : G → G is defined by r(e tX ) = e tR(X) , (2.69) for t small enough and X ∈ G. If G is connected, then r extends to a Lie group automorphism. In conclusion, D-branes corresponding to (2.65) can be identified to regular (R = Id), translated (R = inner automorphism) or twisted (R = outer automorphism) conjugacy classes in G. Finally, let us notice that the gluing conditions can indeed by interpreted as boundary conditions stemming from the variation of (2.60), with the two-form field on a twisted conjugacy class uniquely determined by the automorphism R [30, 29, 19] :
where u, v ∈ T CR(g0) g . We now particularize the discussion to the case of interest here, namely G = SL(2, R) (see (1.2) ). Symmetric D-branes of the Sl(2, R) WZW model are of three types : two-dimensional hyperbolic planes (H 2 ), de Sitter branes (dS 2 ) and anti-de Sitter branes (AdS 2 ). It was shown in [31] , that the AdS 2 worldvolumes, corresponding to twisted conjugacy classes, are the only physically relevant classical configurations.
We now make a link with the geometry of the non-rotating BTZ black-hole. We saw in the first section that the spinless BTZ black hole admits a foliation by leaves, the ρ = constant surfaces, which are stable under the action of the BHTZ subgroup and constitutes twisted conjugacy classes in Sl(2, R) (AdS 2 spaces). From our previous discussion, these solutions correspond to projections of twisted AdS 3 conjugacy classes that wrap around BTZ space, and they may be interpreted as closed DBI 1-branes in BTZ space. These branes are represented in Fig. 10 . There is still one point that would be needed to be discussed, namely if there is an analog, in the context of WZW models, of the noncommutative structures that emerge in the flat case (actually the Moyal product). The answer is not quite clear at present. A straightforward interpretation in terms of coordinates on the group manifold seems no longer possible since we do not have an analog of (2.56), and since the gluing conditions are expressed in terms of the currents, while these have not a simple relation with the coordinates as in the flat case (J µ = ∂X µ +· · · , where · · · stand for nonlinear terms in the coordinates). In the case of G = SU (2) ≃ S 3 , it was observed in [20] that D-branes could be described by nonassociative deformations of fuzzy spheres, by analyzing the vertex operator algebra. Recently, D-branes in Nappi-Witten backgrounds, corresponding to WZW models based on the Nappi-Witten groups 16 , were also shown to exhibit non-commutativity [21] . In the case of AdS 3 and the BTZ black hole (corresponding to a WZW model based on a semisimple and non-compact group), the question has not been investigated yet. In the next section, we discuss deformations of D-branes in extended BTZ space-times, which could reveal relevant for open string theory on BTZ black holes space-times.
3 Strict deformation of extended BTZ space-times
The purpose of deformation
Historically, star product theory was introduced as an autonomous and alternative formulation of Quantum Mechanics. In this framework, the quantization of a classical system whose configuration space is N is expressed as a correspondence (the quantization map) between classical observables (functions defined on the phase space T * N ) and quantum observables (operators acting on a Hilbert space, the state space). A star product allows to read the composition of the quantum operators at the level of functions on the phase, without any reference to a Hilbert space representation. As an example, consider Weyl's method for quantizing a free particle on a line. The phase space of this system is R 2 = {(q, p)}. The quantization map is the linear map
relating Schwartz's functions f : R 2 → R on the phase space to linear bounded operators on Hilbert space of square integrable functions on the configuration space, L 2 (R). The Weyl transform is given by
The Moyal-Weyl product can be written in integral form as
16 In 4 dimensions, this group is a central extension of the two-dimensional euclidean group ISO(2) = SO(2) × R 2 for x, y, z ∈ R 2 , u, v ∈ C ∞ (R 2 ) and where x ∧ y = ω 0 (x, y), ω 0 being the symplectic 2-form on the phase space R 217 . Interpreting formula (3.74) as an oscillatory integral with parameter − 1 λ , one can use a stationary phase method to obtain the following asymptotic expansion :
To first order in the parameterλ, we get 
where f and g are formal power series inλ with functions C ∞ (M ) as coefficients. The following conditions are to be satisfied :
The Moyal-Weyl product enjoys the property to be strict, meaning that in a suitable functional framework, the product of two functions is again a function, rather than a formal power series in the deformation parameter, as in star product theory (in the strict sense). We will mainly be concerned in the two next sections in constructing strict deformations of the algebra of functions in the extended BTZ space-time. The fact that every leaf of the foliation admits an action by a two-parameter solvable Lie group will reveal the crucial ingredient to achieve this.
Universal deformation formula for group actions
In this section, we will show how to construct a star product on a manifold admitting an action of a Lie group G, from an invariant star product on G. The procedure can be seen as a generalization of Rieffel strict deformation theory for actions of R d [32] . Here we follow [34, 33] and section 4 of [35] . Let G be a Lie group. We define the left (resp. right) action,
(3.78)
Suppose there exist a left action τ of G on a manifold M, i.e. :
This action on M induces an action α on Fun[M, C] :
,
For fixed x ∈ M , we may define a mapα
Let us also assume that on G we have a left invariant star product, denoted by
product satisfying the relation
From the left invariant star product on G, we induce a star product on M , denoted ⋆ M , defined as : 
Extended BTZ and AN-invariant star-products
We know from section 1.2.3, that each leaf, in EBT Z, admits an action of AN ⊂ SL(2, R). Therefore, from section 3.2, it remains to us to find a left-invariant star product on this group. This was first carried out in [34] . Another, more heuristic, approach was considered in [35] . We start from the general expression
where the (left invariant) measure used is simply dµ x = da x dn x and where
and imposing the left-invariance, the associativity, the existence of left and right units and the right asymptotic expansion (the Poisson bracket on AN being defined from the canonical left-invariant symplectic structure) constrains the form of the amplitude and phase, which can be explicitly obtained (see [35] for details). One finds for the phase function Ψ = {sinh [(a y − a x )] n z + sinh [(a z − a y )] n x + sinh [(a x − a z )] n y } , (3.87) while a class of amplitudes corresponds to B = 1 (2 πλ) 2 P(a y − a x )P(a x − a z ) P(a z − a y ) cosh(a z − a y ) , (3.88) where P is any real even function satisfying P(0) = 1.
Summary and outlook
In this talk, we put forward some geometrical properties of non-rotating massive BTZ black holes, relevant both from the string theory point of view as well as in the context of non-commutative geometry (strict deformations). We showed that AdS 3 space, from which the black hole is constructed by discrete identifications, admits a foliation by two-dimensional twisted conjugacy classes, all diffeomorphic, and stable under the identifications. We then argued that these surfaces constitute winding D1-branes in the BTZ black hole space-time, seen as an exact string background via the WZW model. By extending the space-time across the chronological singularities, we observed that each leaf of the foliation admitted an action of a minimal parabolic subgroup of SL(2, R), the solvable Lie group AN . This allowed us to construct a strict deformation of the algebra of functions on these spaces, following a Rieffel-like construction. We see the brane emerging from the past singularity, cross the horizons and end on the future singularity. Note that a similar behavior is observed for D0-branes in the SL(2, R)/U (1) two-dimensional black hole (see [43] )
